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‐ Nonlinear modeling: kinetic vs fluid vs computational modeling

‐ 1D fluid model for electrostatic solitary waves

‐ Perturbative vs non‐perturbative approach

‐ 1D fluid model for envelope structures in plasmas

‐ Derivation of a nonlinear Schrodinger equation

‐ Rogue‐waves, parametric investigation

‐ Summary



Plasma is everywhere! In Nature …





Multi‐ion plasma: basics, fluid modeling
‐ Large ensemble of charged particles:

• Electrons e‐:  charge e mass me (<<mi )

• Ions i+:  charge +zp e mass mp

• Ions i‐:  charge ‐zn e mass mn

‐ Three components (“fluids”); state variables of choice:

• Ions +:  finite inertia (dynamic fluid state): density np(x, t), speed up (x, t)

• Ions  ‐:  finite inertia (dynamic fluid state): density nn(x, t), speed un (x, t)

• Electrons:  inertia ignored (Maxwell‐Boltzmann state): density ne = 

‐ Self‐generated electric field:  E = ‐ ∇  ((x, t): electrostatic potential)



Nonlinear excitations - Solitary waves (SWs)

• SWs occur in abundance in Nature, in various physical contexts

• are localized coherent structures, bearing remarkable properties:
preserve their shape (stationary profile), are robust, i.e. persist against
perturbations and collisions with one another, ...

• represent localized lumps of energy, whose manifestation may be
constructive (e.g. signal transmission) or destructive (tsunami)

• bear various generic forms and names: pulses, kinks, holes, shocks,
double layers or potential dips (in plasmas), ...

• may either be non-periodic forms (e.g., pulses) or may possess a
quasi-periodic internal structure (e.g., oscillons, envelope pulses,
breathers)



Solitary waves crossing on a beach



Ocean solitons east of the Strait of Gibraltar



Internal solitons in the Andaman sea (1)



Internal solitons in the Andaman sea (2)



Solitary clouds west of Africa



Laser plasma experiments on electrostatic waves



Laser plasma experiments on electrostatic waves (2)

(courtesy of L Romagnani & M Borghesi, Queen’s University Belfast, UK)



Electron-holes observed via proton imaging diagnostics



Non-thermality generated by the counterstreaming electrons 
of the rarefied medium. 
Suppression of Weibel instability electrostatic plasma evolution

Clear difference from expansion into vacuum!

Non-Maxwellian behaviour of the electron 
density distribution of a plasma expanding
into a rarefied medium has been seen in PIC sims

(a) Phase space of the expanding electrons.
(b) Electron distribution function normalised to

a Maxwellian with same density and temperature.  

(a) (b) Self-generated
B field

Electrostratic
field distribution
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ESWs in Space?  
 
It all started with the Northern Lights… 

 

Auroras are the result of disturbances in the magnetosphere caused by the solar 
wind.  

Major disturbances result from enhancements in the speed of the solar wind from 
coronal holes and coronal mass ejections.  

These  disturbances  alter  the  trajectories  of  charged  particles  in  the 
magnetospheric plasma. 

Excerpt from https://en.wikipedia.org/wiki/Aurora . 

 

Live visual sample: https://www.youtube.com/watch?v=izYiDDt6d8s . 



Double Layers in Space observations – history…

• Mozer et al [PRL 1977] were the first to provide an interpretation of S3-3 
satellite data in the aurora as double layers (DLs):  

Yannis Kourakis, Waves in non-Maxwellian plasmas



DLs vs Electrostatic Shocks & Solitary Waves  
• Inspired by Mozer et al [PRL 1977], Witt and Lotko [Phys. Fluids, 1978] 

modelled pulse-shaped observations as paired ion-acoustic shocks:  

Yannis Kourakis, Waves in non-Maxwellian plasmas



Electrostatic Solitary Waves (ESWs) – history…
• ESWs –to be distinguished from DLs-were first observed in the auroral region 

in 1982 [Temerin et al, PRL 1982], using satellite S3-3 data…

Yannis Kourakis, Waves in non-Maxwellian plasmas



ESWs: a common occurrence in Space plasma 
observations

• ESWs occur in abundance as magnetic-field aligned bipolar electric field 
structures (among other forms), observed in abundance in satellite data (Cluster, 
FAST, …) 

• Solitary waves: potential pulses, solitons, double layers, flat-topped pulses, …

Figures from: Pickett et al Ann. Geophys. (2004) (L, Cluster), Ergun et al, PPCF (1999) (R, FAST)
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ESWs near Saturn (Enceladus) - Cassini mission 
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Source: JS Pickett et al, JGR Space Physics 120 (8), 6569 (2015)



FAST satellite observations of large solitary spikes in the
Earth’s auroral region



FAST auroral observations (2)



Electrostatic potential and electric field bipolar structures (1)



ES potential and E-field: bipolar vs monopolar structures (2)



Solitary waves require a balance between:
– Dispersion, manifested via:

• wave spreading in Fourier space: different modes (k) travel at different
speeds:

(Source: http://www.scholarpedia.org)

• Chromatic dispersion effect in Optics (rainbow!)

• Curvature in the dispersion curve ω = ω(k), in solid state physics.

• The phase speed vph = ω
k = f(k) is a function of the wavenumber k.



... and Nonlinearity , manifested as:

• Amplitude-dependence of the phase speed: larger amplitudes travel faster!

• This results in wave steepening, and eventually wave-breaking:

... a physical phenomenon well-know to seafarers (or surfers):



Further traces of nonlinearity include:

• Secondary harmonic generation.

• No superposition principle: different normal (Fourier) modes do not sum up.

• Sidebands appear in the Fourier spectrum.

• Energy localization (to be discussed later).



Korteweg de Vries (KdV) theory for electrostatic waves

Taniuti and Wei [J. Phys. Soc. Jpn. 24, 941 (1968)] propose their reductive perturbation
technique, for long-wavelength ES acoustic modes in plasmas.

We review the basic qualitative aspects of this technique below.

• Dispersion relation (acoustic mode):

ω ' vphk +Ak3 + . . . ,

(where A is to be determined, for a given plasma composition), thus

kx− ωt ' k(x− vpht)−Ak3t+ ... .

• Appropriate space/time stretching

ξ = ε1/2(x− V t) , τ = ε3/2t (V ∈ <)

• n ' n0 + εn1 + ε2n2 + ...; u ' εu1 + ε2u2 + ...; φ ' εφ1 + εφ2 + ...



Plasma fluid toy-model for electrostatic waves (1D)
Continuity (for plasma species s, e.g. ions):

∂ns
∂t

+
∂φ

∂x
(ns us) = 0

Mean velocity us equation:

∂us
∂t

+ us
∂us
∂x

= − qs
ms

∂φ

∂x

The potential Φ obeys Poisson’s eq.:
∂2φ

∂x2
= −4π

∑
s

qs ns = 4π e (ne − Zi ni + ...)

– At a given dynamical scale for species s (= e, i, d, i.e. electrons, ions, dust,
...), the state of other species may be prescribed by simplifying assumptions;

– Typical paradigm: for ion-acoustic waves (s = i), ions are inertial, so
electrons are assumed at equilibrium (e.g. Maxwellian: ne ∼ eeφ/kBTe).



• The method is rather tedious yet straigfhtforward; details are omitted here.

• Korteweg-de Vries (KdV) equation:

∂ψ

∂τ
+Aψ

∂ψ

∂ξ
+B

∂3ψ

∂ξ3
= 0 .

? ψ = φ1 denotes a small (∼ ε� 1) correction to the electric potential,

? Constraint: V = cs → propagation at (or slightly above) the sound
speed.

? The coefficients A and B incorporate the physics of the particular
problem considered, as they contain the dependence on relevant plasma
parameters (lengthy expressions omitted here).

? The dispersion coefficient B is positive;

? The nonlinearity coefficient A determines the soliton polarity,
i.e., the sign (positive/negative) of the soliton pulse (→ next slide).



• The soliton solution of the KdV equation above reads:

ψ = ψ0 sech2

(
ξ − Uτ
L

)
which represents a propagating pulse.

Here:

? U is the soliton velocity increment (total soliton speed = cs + εU )

? ψ0 = 3U
A is the maximum soliton amplitude, and

? L = 2
√
B/U is the soliton width.

• Width-amplitude relation: ψ0L
2 = 12B/A = constant , thus faster solitons

are taller and narrower :





Solution in terms of φ + ambipolar field E = −∇φ and fluid variables n, u



Mind the gap...

Restricted validity: The KdV theory obeys certain constraints & limitations

• It is a small-amplitude theory: not suitable for strong excitations (off
equilibrium);

• Solutions are weakly super-acoustic;

• The methodology only works for acoustic-type modes (frequency = zero for
infinite wavelength); optical modes (or e.g. Langmuir waves in plasmas) are
not covered!



Electrostatic solitary waves 
A “toy-model”: cold ion fluid + kappa-distributed electrons
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[Work in collaboration with: NS Saini, S Sultana, T Baluku, M Hellberg]



Linear regime: modified linear dispersion relation

Blue:   =∞ (Maxwellian)
Green: =4
Red:    =2.6
Black: =2
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-modified Debye screening:
Shorter Debye length for small  ! 

(*) [Agreement with Bryant JPP (1996), Mace & Hellberg (PoP 1995)] 



Pseudopotential formalism for ion-acoustic travelling waves
[Vedenov & Sagdeev 1961, Sagdeev 1966, Verheest & Hellberg 2009 (review)]

• stationary frame, single travelling coordinate

* reduction of the fluid model PDEs in {x, t} to an ODE in   

* pseudo-energy-balance equation (for e-i plasma): 

* solution obtained (numerically) for the electric potential 

* density and fluid velocity given by







The generic solitary wave (pulse) solution bears the form:

Slower “supersonic” (but no 
subsonic!) solitons

for smaller kappa values:

M2: infinite compression point 
(choked flow)

M1: -dependent “sound speed”

Known 
asymptotic 
limit 1.58

for 
infinite 
i.e. for 

Maxwellian
electrons

potential pulse amplitude = root of V

[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]
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[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]
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[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]



[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]



[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]



[* From: NS Saini, I Kourakis and M Hellberg, PoP 16, 062903 (2009) ]



Supersolitons in Space plasma observations?

• ESWs occur in abundance as magnetic-field aligned bipolar electric field 
structures (among other forms), observed in abundance in satellite data (Cluster, 
FAST, …) 

• Solitary waves: potential pulses, solitons, double layers, flat-topped pulses, …

Figures from: Pickett et al Ann. Geophys. (2004) (L, Cluster), Ergun et al, PPCF (1999) (R, FAST)

Yannis Kourakis, Waves in non‐Maxwellian plasmas 12



One-Dimensional Fluid Code

4th order finite difference scheme

Spatial derivative Spatial derivative 4th order finite difference scheme

Time derivative Leap-frog method 

Fh represent a physical quantity defined at grid “h”

Dx  Grid Spacing

Here,  Dt  Time step

¶Fh

¶x
=
8 Fh+1 -Fh-1( )-Fh+2 +Fh-2

12Dx
O(Dx)4

¶n

¶t
= f ,

n( j +1, i)- n( j, i)

Dt
= f j +1/ 2, i( ) O(Dt)2

Kakad, Omura & Kakad et al PoP, 2013

Plasma Model
(Fluid ions, cold & hot kappa distributed electrons)

Successive Over Relaxation method best for 

simulating plasma with kappa distributions

Lotekar, Kakad, Kakad et al, CNSNS, 2019



Evolution of Supersolitons through density perturbation

First-ever model 

simulation of the new 

subclass of solitons 

“Supersolitons” in 

plasma

Kakad+Lotekar+ Kakad,  

Physics of Plasmas, 2016
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(a) (b)

w-k diagram during time = 0–200 from the simulation

Simulation vs Theory

Supersolitons: Characteristics 

(a) potential (f) and (b) electric field (En) profiles of IA 

supersoliton from simulation and theory

Dispersion Characteristics

Kakad + Lotekar + Kakad,  

Physics of Plasmas, 2016



Collision of Supersolitons with Regular Soliton Lotekar+Kakad+Kakad,  

Physics of Plasmas, 2016
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SSW and RSW before & after collision

Lotekar+Kakad+Kakad,  

Physics of Plasmas, 2019



Rogue waves – an emerging paradigm

• Rogue waves are localized excitations (events) of extreme amplitude,
exceeding twice the average strength of background turbulence level;

Data from the Draupner platform event in Norway (Jan. 1995).

Credit: Kharif & Pelinovsky, Eur. Journal of Mechanics B/Fluids 22, 603 (2003).
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Theoretical attempts to explain freak wave formation
... via water surface envelope mode interaction:

[Credit: M. Onorato, A.R. Osborne and M. Serio, Phys. Rev. Lett., 96 014503 (2006);
P. K. Shukla, I. Kourakis, B. Eliasson, M. Marklund and L. Stenflo, Phys. Rev. Lett. 97, 094501 (2006);

A. Grönlund, B. Eliasson and M. Marklund, EPL, 86 24001 (2009).]



[Credit: A. Chabchoub et al, Phys. Rev. Letters 106, 204502 (2011); (right plot) A. Chabchoub/Hamburg

University of Technology (online).]



Credit: D.R. Solli, C. Ropers, P. Koonath, B. Jalali, Nature 450, 1054 (2007).



[B. Kibler, J. Fatome, C. Finot, G. Millot, F. Dias, G. Genty, N. Akhmediev & JM Dudley, Nat. Phys. 6, 790 (2010)]



Freak waves everywhere ?

• Rogue wave formation has been investigated in various frameworks,
including:

* oceanic freak waves (or ghost waves, or rogons, or WANDTs “Waves
that Appear from Nowhere and Disappear without a Trace” )
[Akhmediev et al, PLA (2009); Kharif & Pelinovsky, Eur. J. Mech. B/Fluids (2003)]

* surface waves generated in water tank experiments [Chabchoub, PRL (2011)]

* extreme intensity events (“rare solitons” ) in nonlinear optics
[Solli et al, Nature (2007); Kibler et al, Nat. Phys. (2010) & Nature/Sci.Rep. (2012)]

* errors in data communications [Savory et al, J. Lightwave Technol. (2006)]

* anomalous acoustic turbulence in superfluid Helium [Ganshin et al, PRL (2008)]

* rogue cells – forerunners of metastatic cancer [Kaiser, Science (2010)]

* stock market dynamics: crashes, asset pricing (Black-Scholes theory) ...

• Unlike solitary waves (which are propagating excitations which are
localized in space), rogue waves may be localized in space and in time
(“ghost waves” ).



What about ... freak waves in plasmas? (1)

• The freak wave paradigm was employed in plasmas as a possible
mechanism for magnetic hole generation by Michael Ruderman (*), who
considered the generation of Alfvén type freak waves by adopting a
Derivative Nonlinear Schrödinger (DNLS) equation model.

[(*) MS Ruderman, Eur. Phys. J. Special Topics 185, 57 (2010)]



Freak waves in plasmas (2)

Rogue waves have been considered recently in various plasma contexts:

• Alfvén-type rogue waves [Shukla et al, Physics Letters A (2012)]

• Langmuir rogue waves in electron-positron plasmas
[Moslem, PoP 2011]

• Electrostatic waves in e-p-i plasmas
[El-Awady & Moslem, Phys. Plasmas 2011; El-Labany et al, Astrophys. Space Sci. 2012]

• Dusty plasmas
[Abdelsalam, et al, Phys. Plasmas 2011; Moslem et al, PRE 2011]

• Surface plasma waves [Moslem, Shukla and Eliasson, Europhys. Lett. 2011].

• Most of these studies have relied on a phenomenological analogy between
rogue waves and large amplitude solutions of nonlinear model PDEs, e.g.
KdV/mKdV or NLS equations (families).



[Electromagnetic Rogue Waves in Beam-Plasma Interactions, G.P. Veldes, J. Borhanian, M. McKerr, V. Saxena,
D.J. Frantzeskakis and I. Kourakis, J. Optics 15 (Special issue on Optical Rogue Waves), 064003 (2013);

loP LabTalk article (online, 2013): Monster waves in a laser beam: myth or reality?]



Freak waves observed in plasma experiments?

– Random events – hard to observe in the laboratory!

– First experiment on negative-ion plasmas (NIPs):



– Second experiment (in dusty plasmas) announced Feb. 2016!

[Ya-Yi Tsai, Jun-Yi Tsai and Lin I, Nature (Physics) (2016) - DOI: 10.1038/NPHYS3669 .]



Intro #2: Nonlinear Amplitude Modulation (prerequisites)

• Harmonic variation of the amplitude of a plasma wavepacket

• Amplitude not constant, may vary weakly in space and time

• Ubiquitous nonlinear mechanism, associated with

* secondary harmonic generation
* modulational instability
* envelope solitons: localized forms with periodic internal structure
* freak waves???

• Energy localization: lumps of energy are formed and propagate in the
plasma; dynamics to be harnessed for applications



Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→



Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→
This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or ...

→ ?



Intro: Prerequisites (continued)

The amplitude of a harmonic wave may vary in space and time:

→
This modulation (due to nonlinearity) may be strong enough to lead to wave
collapse (modulational instability) or to the formation of envelope solitons:

→ ?



Modulated structures occur widely,
e.g. in EM field measurements in the magnetosphere, ...

(from: [Ya. Alpert, Phys. Reports 339, 323 (2001)])



Inspiration: modulation of EM modes in negative-ion plasmas

• Saito et al (1984) considered the modulation instability mechanism in NIP,
based on a Korteweg - de Vries (KdV) equation approach;

• M Ruderman et al (2008) considered the modulation instability mechanism
in negative-ion plasmas, by using a Gardner equation approach at
near-critical plasma configuration:



The Bailung-Sharma-Nakamura- experiment:



Read the fineprint: a number of hypotheses underlies the earlier treatments
(by Saito et al, Ruderman et al, and later Bailung et al):

• NIP near-critical plasma concentration, so that the quadratic nonlinearity
term in the KdV equation is nearly zero;

• Gardner equation, i.e.

? small-amplitude ES potential excitation (φ� kTe/m),

? small-wavenumber k � λ−1
D (long wavelength λ� λD),

? weakly-superacoustic (vsol ' cs + εδv) approximation.

• Questions:

? Are these requirements necessary conditions for freak wave formation?

? Could freak waves be generated in NIPs in different conditions ... ?

? ... and, in particular, in more general (non“critical”) plasma
configurations?



Multifluid model + multiple-scale analysis

• We consider a three component collisionless unmagnetized plasma
consisting of:

? electrons (mass me, charge e), thermalized (inertialess)
? positive ions (mass mp, charge qp = Zpe)
? negative ions (mass mn, charge qn = −Zne)

• Electrostatic approximation + three-ion fluid model + Poisson’s equation:

∂tnp +∇(npup) = 0, (1)

∂tup + up∇(up) = − qp
mp
∇φ, (2)

∂tnn +∇(nnun) = 0, (3)

∂tun + un∇(un) = − qn
mn
∇φ, (4)

∇2φ = 4π[ene − qpnp − qnnn], (5)

• Quasi-neutrality assumption: at equilibrium, ne0e− qnnn0 − qpnp0 = 0 .



• The model equations are cast in a dimensionless form as

∂tnp +∇(npup) = 0, (6)

∂tup + up∇(up) = −∇φ, (7)

∂tnn +∇(nnun) = 0, (8)

∂tun + un∇(un) = δ∇φ, (9)

∇2φ = −np + β nn + (1− β) f(φ) , (10)

where f(φ) = exp
(

eφ
kBTe

)
' 1 + c1φ+ c2φ

2 + c3φ
3 (Maxwellian assumption).

• Te is the electron temperature; c1 = 2c2 = 6c3 = 1.

• Dimensionless parameters: β = Znn0n
Zpn0p

, δ = Zn/mn

Zp/mp
.

• Scaling: T0 = ω−1
p,+ = (4πe2np,0Z

2
p/mp)

−1/2 , φ0 = kBTe/e

λD,+ =
(
kBTe/4πZpe

2npo
)1/2

, Cs = V0 = (ZpkBTe/mp)
1/2

.



The boring part: multiscale technique for envelope dynamics

• Following the multiple scales (reductive perturbation) technique of Taniuti
and coworkers (JMP & JPSJ 1969), we consider the stretched variables

Xn = εnx ; Tn = εnt ; n = 0, 1, 2, ...

• We define the state vector S = (np, up;nn, un;φ), and

• proceed by expanding near the equilibrium state S(0) = (1, 0; 1, 0; 0) as

S = S(0) +

n∑
n=−∞

εnS(n)

where

S(n) =

n∑
l=−n

S
(n)
l eil(kx−ωt)

denotes the amplitude of the n−th order contribution, as a series of the
l−th harmonic amplitude(s) S(n)

(l) = S
(n)
(l) (Xj, Tj) (slow, for j ≥ 1).



Perturbative scheme – results

• Dispersion relation:

ω2 =
(1 + δβ)k2

k2 + (1− β)

Or, restoring dimensions,

ω2 =
ω2
p,p (1 + δβ) (kλD,p)

2

(kλD,p)2 + (1− β)



Modified charge (Debye) screening length versus β:
λ

(β)
D,p = 1/

√
(1− β)λD,p .

0.2 0.4 0.6 0.8 1.0
β

1.5

2.0

2.5

3.0

3.5

4.0

λD,p
(β)

λD,p

Modified phase speed : vph = (1−β)
√

1+βδ

[k2+(1−β)]3/2
'
(

1+βδ
1−β

)1/2

(for k � 1).



• In order ∼ ε2:
∂1φ

(1)
1 + vg∇1φ

(1)
1 = 0.

• The envelope φ(1)
1 = φ

(1)
1 (X1 − vgT1) moves at the group velocity :

vg =
dω

dk
=

(1− β)(1 + δβ)
1
2

[k2 + (1− β)]
3
2

.

• Increasing the charge-density and mass ratios makes ion acoustic
structures faster, i.e., increases the group velocity.



NLS equation for the vector potential (amplitude) A(1)
1

• In order ∼ ε3:

• This analytical requirement can be expressed in the form

i

(
∂A

(1)
1

∂T2
+ vg

∂A
(1)
1

∂X2

)
+ P

∂2A
(1)
1

∂X2
1

+ Q |A(1)
1 |2A

(1)
1 = 0

• Dispersion coefficient P : P = 1
2

[
3v2
g

ω + ω
k2 −

4vg
k −

ω3

γ(1+δβ)k2

]
• Nonlinearity coefficient Q:

Q =
(1− β)ω3

2(1 + δβ)k2
[2c2(A+B) + 3c3]− (1− δ2β)

(1 + δβ)

[
Bk

vg
+
Bω

2v2
g

+
3Ak2

2ω

]
− (1 + δ3β)

(1 + δβ)

[
k2

2ωv2
g

+
2k3

ω2vg
+

5k4

4ω3

]
.



Localized envelope excitations (bright solitons) for PQ > 0

• The NLSE accepts various solutions in the form: ψ = ρ eiΘ ;

the total electric potential is then: φ ≈ ε ρ cos(kr− ωt+ Θ)

where the amplitude ρ and phase correction Θ depend on ζ, τ .

• Bright–type envelope soliton (pulse):

ρ = ρ0 sech

(
ζ − v τ
L

)
, Θ =

1

2P

[
v ζ − (Ω +

1

2
v2)τ

]
.

L =
√

2P
Q

1
ρ0

This is a
propagating
(and oscillating)
localized pulse:



Modulational (in)stability: parametric dependence

• If PQ > 0: the amplitude ψ is unstable for k̃ <
√

2 QP |ψ1,0|.

• Maximum (instability) growth rate: σ = Q|ψ1,0|2, occurs at k̃m <
√

Q
P |ψ1,0|

• Both the instability growth rate and threshold kcritical depend on the
plasma parameters in a non-trivial (and non-monotonic) manner:



Nonlinearity coefficient: parametric dependence
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Nonlinearity coefficient: parametric dependence

• In the long-wavelength limit k � 1: P ' p0 k and Q ' q0 k
−1, where:

p0 = − 3
√

1 + δβ

2(1− β)3/2
, q0 = −

√
1− β

[
2 + 2δ2β2 − β(3 + 2δ + 3δ2)

]2
12 + (1 + δβ)7/2

.

• Recall that the ratio P/Q determines the geometry of envelope solitons
(L ∼ (P/Q)1/2), as well as the criterion for their existence.









Analytical models for rogue waves

• The Peregrine soliton
[D. H. Peregrine, J. Austral. Math. Soc. B 25, 16 (1983); K. B. Dysthe, and K. Trulsen, Physica

Scripta T82, 48 (1999); V. I. Shrira, and V. V. Geogjaev, J. Eng. Math. 67, 11 (2010); B. Kibler, J. Fatome, et

al., Nature Physics 6, 790 (2010)]

• The Akhmediev breather
[N. N. Akhmediev, V. M. Eleonskii, and N. E. Kulagin, Theor. Math. Phys. 72, 809 (1987)];

• The Kuznetsov-Ma breather
[Ya C. Ma, Stud. Appl. Math. 60, 43 (1979)];

[Figure from: Kibler et al, Nat. Phys. (2010) & Nature/Sci.Rep. (2012).]



Parametric analysis: dependence on the negative-ion concentration (β)





Thanks for listening! 
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Additional slides for plasma and simulation parameters



Plasma and Simulation Parameters for generation of supersoliton (slides 2&3)

Initial Perturbation Form: Gaussian Potential

Simulation Parameters: Dn = 1.9 ni0 and l0= 10kdhe ,Grid spacing: Dx = 0.2 kdhe, 

time interval: Dt = 0.1wpi
-1, and system length: Lx = 40000 kdhe. 
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Here, Dn is the amplitude of the perturbation, x is the position on the x-axis, xc is the center of 

the system, and l0 controls the width of the perturbation.

Plasma Parameters: f = 0.055,  = 0.12, ce = 10, and he = 10 

(Verheest, Hellberg & Kourakis PoP 2013)

The flow velocities of the plasma species at t = 0 are assumed to be zero



Plasma Parameters: f = 0.055,  = 0.12, ce = 10, and he = 10 

(Verheest, Hellberg & Kourakis PoP 2013)

Flow velocities of plasma species at t = 0 are assumed to be zero

Plasma and Simulation Parameters: Head-on collision of supersoliton

with regular soliton

Perturbation used: In both densities and 

in ion velocity



Vlasov equation:

Poisson equation :
𝜕ଶ𝜑
𝜕𝑥ଶ ൌ

𝑒
଴
ሺ𝑛௘ െ 𝑛௜ሻ

In which 𝑓௝ is the distribution function, E and B represent the electric and magnetic field. 
Number densities:

𝑛௝ ൌ ෍ 𝑛଴,௜ න𝑓௝ dv
୨ୀୣ,୧

in which i and e denote electron and ions respectively.

Method:  Fully kinetic simulation approach based on the Vlasov‐Poisson system:

Phase space holes in kinetic simulations

𝜕𝑓௝
𝜕𝑥 ൅ 𝑣

𝜕𝑓௝
𝜕𝑥 ൅

𝑞௝
𝑚௝

𝐸
𝜕𝑓௝
𝜕𝑣 ൌ 0



• Method:

• Fully kinetic simulation approach based on Vlasov-Poisson equation

• Findings:

• 1. Electron holes accompanying solitons show strong resilience against mutual collisions.

• 2. In kinetic simulation is revealed that the internal structure of the electron hole changes after each collision 
without any traceable impact on the fluid-level characteristics such as density or its electrostatic feature such as 
electric field or potential

Source: SM Jenab Hosseini and F. Spanier, Fully kinetic simulation study of ion-acoustic solitons in the presence of 

trapped electrons, Physical Review E 95 5 053201 (2017).

Electron Holes in the kinetic framework
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“Elin” Distribution Function for ultrafast electron holes

 Powerful simulation framework to study kinetic effects of 

hole and solitons

 The Elin df is proposed by generalizing the original Schamel

df in a recursive manner.

 Adopting the Elin df, nonlinear solutions obtained by kinetic 

simulations with velocities twice the electron thermal speed 

coined as “Ultrafast electron holes”

Source: SM Jenab Hosseini, G. Brodin, J. Juno & I. Kourakis, Ultrafast electron holes in plasma phase space 

dynamics, Scientific Reports, 11 (1), 1-9 (2021).

Overtalking collision of two ultrafast electron hole in the phase space

Comparison of Elin DF with Maxwellian 

and Schamel DF
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Plasma and Simulation Parameters for generation of supersoliton (slides 2&3)

Initial Perturbation Form: Gaussian Potential

Simulation Parameters: Dn = 1.9 ni0 and l0= 10kdhe ,Grid spacing: Dx = 0.2 kdhe, 

time interval: Dt = 0.1wpi
-1, and system length: Lx = 40000 kdhe. 
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Here, Dn is the amplitude of the perturbation, x is the position on the x-axis, xc is the center of 

the system, and l0 controls the width of the perturbation.

Plasma Parameters: f = 0.055,  = 0.12, ce = 10, and he = 10 

(Verheest, Hellberg & Kourakis PoP 2013)

The flow velocities of the plasma species at t = 0 are assumed to be zero



Plasma Parameters: f = 0.055,  = 0.12, ce = 10, and he = 10 

(Verheest, Hellberg & Kourakis PoP 2013)

Flow velocities of plasma species at t = 0 are assumed to be zero

Plasma and Simulation Parameters: Head-on collision of supersoliton

with regular soliton

Perturbation used: In both densities and 

in ion velocity




