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Inflation is not explained from first principles (hypothetical inflaton) [Ijjas+, PLB, 2013]



Gravitational wave turbulence
Theory DNS



Rµn: Ricci tensor Gµn : Christoffel symbol 
R   : Ricci scalar Tµn : stress-energy 
gµn: metric tensor G = 6.67 10-11 m3kg-1s-2

L  : cosmological constant c = 2.99 108 ms-1

Einstein’s equations

10 nonlinear partial differential equations

sccccx

a

[Einstein, 1915]



Gravitational waves (GW)

Exact linear solutions in an empty – flat – Universe: 

Effect of a + gravitational wave 
on a ring of particles

(h = 0.5)

Poincaré-Minkowski
space-time metric

L=0

[Einstein, 1916]



Weak wave turbulence theory

+ Natural asymptotical closure of the hierarchy of moment equations

+ The kinetic equations admits exact stationary finite flux solutions

- Finite flux spectra not valid over all k’s ® strong wave turbulence

- Experiments and DNS show some limitations in the predictions

[Benney & Saffman, PRSLA, 1966; Benney & Newell, JMP, 1967]

[Zakharov & Filonenko, DAN, 1966]

[Galtier+, JPP, 2000; Meyrand+, PRL, 2016]

[Morize+, PoF, 2005; Nazarenko, NJP, 2007]

Statistical description for weakly non-linear waves
Analytical theory in spectral space



Weakly nonlinear general relativity

Triadic interactions:

Three-wave interactions in GW turbulence does not contribute!

[SG & Nazarenko, PRL, 2017]

L=0

We found no contribution on the resonant manifold

+ …

Collinear wave vectors ⇒



Einstein-Hilbert action: 

Diagonal space-time metric:

Lagrangian density:

[Hadad & Zakharov, JGP, 2014]

⇒
Give the linear contribution

Weakly nonlinear general relativity L=0

Valid for any GW amplitude but we will limit ourselves to weak amplitude



• Dynamical equations given by:

• Vacuum Einstein equations:

Hadad & Zakharov’s theorem (JGP, 2014)

4 equations

7 equations

It’s compatible !

Valid for any gravitational wave amplitude



General relativity equations for GW turbulence



Hamiltonian formalism  

Normal variables:

Hamiltonian equation:

(Fourier space)

With R01=R02=R12=0 we find:

4 wave processes



Kinetic equation (4-wave interactions)

Direct cascade Inverse cascade

Energy Wave action
Constant (non-zero) flux (isotropic) spectra:

finite
capacity

[SG & Nazarenko, PRL, 2017]

®  Additional symmetry



Phenomenology of GW turbulence

Kinetic equation: << 1

⇒

⇒

⇒

1D energy and wave action spectra:

Energy density:

c

[Maggiore, 2008]



Super-local approximation: nonlinear diffusion model

Explosive 
inverse cascade

Initial spectrum 
(decay simulation)

[SG, Nazarenko, Buchlin & Thalabard, Physica D, 2019]

Constant 
negative flux

• Rigorous derivation is rare (in MHD it’s possible) [SG & Buchlin, ApJ, 2010]

• Here, it’s a phenomenological model
[see also Dyachenko+, Physica D, 1992; 

Passot & Sulem, JPP, 2019]



Anomalous scaling

[Thalabard+, JPAMT, 2015]

[Connaughton & Nazarenko, PRL, 2004;
Nazarenko, JETPL, 2006; Boffetta+, JLTP, 2009]

[Semikoz & Tkachev, PRL, 1995; Lacaze+, 
Physica D, 2001]

Old subject (weak & strong)

Alfvén wave turbulence    [SG+, JPP, 2000]

Inertial wave turbulence
Kinetic Alfvén wave turbulence

[David+, ApJL, 2019]

[SG+, PRF, 2020]

[SG, PRE, 2003]



Anomalous scaling

Self-similar solution of the second kind:

Wave action flux

[SG, Nazarenko, Buchlin & Thalabard, Physica D, 2019]
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The first direct numerical simulation of GW turbulence

- Pseudo-spectral code (FFTW3), periodic conditions, de-aliasing

- Adams-Bashforth (explicit; order 2) numerical scheme

- No forcing (decaying turbulence); additional dissipation

- Initial condition:  kmin << ki << kmax

- Resolutions 5122

+  intermediate variables:



Illustration with an excitation at low k



Be careful with the initial condition !

It could be a black hole...



Direct evidence of a dual cascade

Energy decay

w – k spectrum

1D wave action spectrum

2D spectrum
Initial condition

Weak wave turbulence

w = ck 

Dissipation
zone

ki

Time scale compatible with 
4-wave interactions

[SG & Nazarenko, PRL, 2021]



Space-time metric
Time evolution of the metric component g22

g33 + 0.15

g00 + 1.9

g11

g22

t0

t1

t2

Final time

Selective amplification

g22

g22 - 0.15

g22 - 0.3

[SG & Nazarenko, PRL, 2021]

Hadad-Zakharov metric



Conclusion and (exciting) perspectives

Turbulence in general relativity exists (4-wave interactions)
Ø GW turbulence is characterized by a dual cascade
Ø Explosive inverse cascade of wave action / anomalous scaling
Ø Strong GW turbulence is expected at large scale



Beyond weak wave turbulence



From weak to strong GW turbulence

Explosive inverse cascade

k -2/3

ki

Weak GW turbulence

+ anomalous scaling

k -0.6517

Phenomenological model of 
strong GW turbulence

critical balance

A fast growth of the condensate = inflation
[SG, Laurie & Nazarenko, Universe, 2020]

Space-time spectrum 

Condensate



Inflation is not explained from first principles (hypothetical inflaton) [Ijjas+, PLB, 2013]



Presence of inhomogeneities

The Cosmic Microwave Background (CMB) is homogeneous

1989-1993 2001-2010 2009-2013

Homogeneous
up to 1/10 000

2006

1978

T=2.72548 ± 0.00057 K

[Penzias & Wilson, ApJ, 1965]

Inhomogeneities are necessary to explain the structures in the universe

Planck 



Comparison with observations

k

|h(k)|2

Expansion leads 
to dilutionfossil spectrum

for the CMB

Small fluctuations are treated in the Newtonian limit: 

⇒
Prediction compatible with the 

Harrison-Zeldovich spectrum (ns=1)

k

[Dodelson+, science, 1996]

ns≈0.967Planck is compatible with
the fossil spectrum

|h(k)|2 ~ k-1.033

Latest data
[Planck coll., A&A, 2015][Harrison, PRD, 1970; Zeldovich, MNRAS, 1972]

(dT/T ~ dr/r ~ 10-5)

k-1 Evolution from inflation



Conclusion and (exciting) perspectives

Turbulence in general relativity exists (4-wave interactions)
Ø GW turbulence is characterized by a dual cascade
Ø Explosive inverse cascade of wave action / anomalous scaling
Ø Strong GW turbulence is expected at large scale

Towards a paradigm shift for the theory of cosmological inflation ?
v Phenomenological (critical balance) model of inflation (t ≥ 10-36s)

v Fossil spectrum compatible with CMB (Planck satellite data)
v Falsifiable predictions with DNS (no tuning parameter)

o Problem close to elastic wave turbulence  [Hassaini+, 2019]

§ The Riemann (4th order) curvature tensor and the Kretschmann scalar are non 
trivial


