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The weakly nonlinear one-dimensional chain model

Enrico Fermi (1901-1954) John Pasta (1909-1984) Stanislaw Ulam
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The result expected by Fermi and collaborators

Equipartition of harmonic energy in Fourier space for large times

Qk =
1

N

N−1∑
j=0

qje
−i 2πkj

N , Pk =
1

N

N−1∑
j=0

pje
−i 2πkj

N ,

then
Ek = |Pk|2 + ω2

k|Qk|2 = const (in k)

with

ωk = 2

∣∣∣∣sin(πkN
)∣∣∣∣



The Los Alamos report



Following up on the “little discovery”

Soliton theory

Theory of integrable PDEs

Hamiltonian Chaos



Some years after FPUT: solitons and integrability in
physics

In the limit of long waves (continuum limit) the α-FPUT system reduces
to the Korteweg-de Vries (KdV) equation:

∂η

∂t
+ η

∂η

∂x
+
∂3η

∂x3
= 0



Numerical simulations of the KdV

ZK showed, besides recurrence, the formation of train of solitons



Experimental demonstration of the ZK solitons

The wave tank in Berlin (5 m × 90 m × 15 cm)

Trillo et. al PRL 2016


video_zk_solo.mp4
Media File (video/mp4)



FPUT recurrence in shallow water (Trillo et. al PRL 2016)
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FPUT recurrence in deep water (Kimmoun et al, Sci.
Reports 2016)

In the limit of narrow band process, the β-FPUT system reduces to the Nonlinear
Schrödinger equation:

i
∂ψ

∂t
+
∂2ψ

∂x2
+ |ψ|2ψ = 0

See new theoretical result:
Conforti, Mussot, Kudlinski, Trillo and Akhmediev, Phys Rev A 2020,
Coppini, Grinevich and Santini, Phys Rev E 2020
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Open questions

... but FPUT is not an integrable system...

Does the system thermalize for arbitrary small nonlinearity?

What is the thermalization time scale in the thermodynamic limit?

What is the time scale of thermalization for finite N?



The models

α-FPUT

q̈j = (qj+1 + qj−1 − 2qj) + α
[
(qj+1 − qj)2 − (qj−1 − qj)2

]
β-FPUT

q̈j = (qj+1 + qj−1 − 2qj) + β
[
(qj+1 − qj)3 − (qj−1 − qj)3

]
Toda Lattice

q̈j =
1

2α
(exp[2α(qj+1 − qj)]− exp[2α(qj − qj−1)])

The dispersion relation:
ωk = 2| sin (kπ/N) |

We assume
β ∼ α2 ∼ ε



Normal modes

Assuming periodic boundary conditions, we introduce the wave action
variable

ak =
1√
2ωk

(ωkQk + iPk),

with Pk = Q̇k and ωk = 2| sin(πk/N)|
Because of the absence of 3-wave resonant interactions, i.e.:

k1 ± k2 ± k3 = 0

ω1 ± ω2 ± ω3 6= 0

quadratic nonlinearity can be removed from α-FPUT and Toda. The
system is characterized by the existence of 4-wave resonant interactions:

k1 + k2 = k3 + k4

ω1 + ω2 = ω3 + ω4



Reduced Hamiltonian for all 3 models

H

N
=

N−1∑
k=0

ωk|ak|2 + ε
1

2

∑
k1,k2,k3,k4

T1,2,3,4a
∗
1a
∗
2a3a4δ1+2,3+4

with
ai = a(ki, t), T1,2,3,4 = T (k1, k2, k3, k4)

ε ∼ β ∼ α2

The reduced evolution equation:

i
dak
dt

= ωkak + ε
∑

k2,k3,k4

T1,2,3,4a
∗
2a3a4δ1+2,3+4



The Wave Turbulence Approach

A statistical theory of weakly
interacting dispersive waves

Main output: the Wave Kinetic
Equation

Equilibrium and out of equilibrium
stationary solutions

The theory is based on the existence of
resonances

Application in a variety of fields as:
water waves, plasma waves, BEC,
elastic plates ...

Vladimir Zakharov, Dirac Medal 2003

Klaus Hasselmann, Nobel Prize 2021



The Wave Kinetic Equation

Outline of the procedure for “deriving” the WKE:

From the normal variable ak, move to angle-action variables {Ik, θk}

ak(t) =
√
Ik(t)e

−iθk(t)

Expand Ik(t) and θk(t) in powers of ε

Take averages over initial random phases and amplitudes,
〈Ik(t)〉{θ̄k,Īk}
Take the thermodynamic limit, L→∞, and define the wave action
spectral density function:

n(k, t) :=
L

2π
〈Ik(t)〉{θ̄k(t),Īk}

Take the small ε limit

Rigorous derivation of the WKE for NLS, see Deng and Zaher
arXiv:2104.11204, 2021



The WKE and its properties

∂n(k1, t)

∂t
= C(k1, t)

C(k1, t) = ε2
∫ 2π

0

T 2
1,2,3,4n1n2n3n4

(
1

n1
+

1

n2
− 1

n3
− 1

n4

)
δ(∆k)δ(∆ω)dk2,3,4

δ(∆k) = δ(k1 + k2 − k3 − k4)

δ(∆ω) = δ(ω(k1) + ω(k2)− ω(k3)− ω(k4))

Conserved quantities:

E =

∫ 2π

0

ω(k)n(k, t)dk, N =

∫ 2π

0

n(k, t)dk.

Existence of an H-theorem:

S =

∫ 2π

0

ln(n(k, t))dk, with
dS

dt
≥ 0

The Rayleigh-Jeans distribution

dS/dt = 0→ n(k) =
T

ω(κ)− µ
Thermalization time scale: 1/ε2



The Wave Kinetic Equation

Conserved quantities:

E =

∫ 2π

0
ω(κ)n(κ, t)dκ, N =

∫ 2π

0
n(κ, t)dκ,

Existence of an H-theorem:

H =

∫ 2π

0
ln(n(κ, t))dκ, with

dH

dt
≥ 0

The Rayleigh-Jeans distribution

dH/dt = 0→ n(k, t) =
T

ω(κ)− µ

Thermalization time scale: 1/ε2



Small N regime

ωk = 2| sin(πk/N)| with k ∈ Z
It can be shown that only the following interactions are possible (of
Umklapp type):

k1 + k2 − k3 − k4 = 0 (mod N)

ω1 + ω2 − ω3 − ω4 = 0



Umklapp (flip-over) scattering

Normal process (N-process) and Umklapp process (U-process).
Example of an Umklapp scattering with N = 32 (kmax = 16),
k1 = 7, k2 = 9, k3 = −7, k4 = 23 → outside the Brillouin zone, therefore
the wave-number is flip-over k′4 = k4 −N = −9



Small N regime

For N power of 2, the above system has solutions for integer values of k:

Trivial solutions: all wave numbers are equal or

k1 = k3, k2 = k4, or k1 = k4, k2 = k3

Nontrivial solutions:

{k1, k2; k3, k4} =

{
k1,

N

2
− k1;N − k1,

N

2
+ k1

}
with k1 = 1, 2, . . . , bN/4c

However....

Four-waves resonant interactions are isolated

No efficient mixing (and thermalization) can be achieved via a
four-wave resonant process (for weak nonlinearity)



Removing non resonant interactions

H

N
=

N−1∑
k=0

ωk|ak|2 + ε
∑

k1,k2,k3,k4

[
T

(1)
1,2,3,4(a∗1a2a3a4 + c.c.)δ1−2−3−4+

+
1

2
T

(2)
1,2,3,4a

∗
1a
∗
2a3a4δ1+2−3−4 +

1

4
T

(3)
1,2,3,4(a1a2a3a4 + c.c.)δ1+2+3+4

]
Eliminate the non-resonant terms from the Hamiltonian using a
near-identity (canonical) transformation from {ia, a∗} to {ib, b∗}

a1 = b1 + ε
∑

k2,k3,k4

(B
(1)
1,2,3,4b2b3b4δ1−2−3−4 +B

(2)
1,2,3,4b

∗
2b3b4δ1+2−3−4+

+B
(3)
1,2,3,4b

∗
2b
∗
3b4δ1+2+3−4 +B

(4)
1,2,3,4b

∗
2b
∗
3b
∗
4δ1+2+3+4) +O(ε2)

with B1,2,3,4 ' T1,2,3,4/(ω1 ± ω2 ± ω3 ± ω4).



Removing non-resonant four-wave interactions: the
appearance six-wave interactions in the β-FPUT

check for exact resonances at higher order

i
db1
dt

= ω1b1 + ε
∑

k2,k3,k4

T1,2,3,4b
∗
2b3b4δ1+2,3+4+

+ ε2
∑

W1,2,3,4,5,6b
∗
2b
∗
3b4b5b6δ1+2+3,4+5+6

Resonant conditions:

k1 + k2 + k3 − k4 − k5 − k6 = 0 (mod N)

ω1 + ω2 + ω3 − ω4 − ω5 − ω6 = 0

Non-isolated solutions exist for integer values of k with arbitrary N .

dn1

dt
∼ ε4....



Estimation of the equipartition time scale for incoherent
waves

Look for the evolution equation of < b(ki, t)b(kj , t)
∗ >= n(ki, t)δi−j

dn1

dt
∼ ε2 < b∗1b

∗
2b
∗
3b4b5b6 >

d < b∗1b
∗
2b
∗
3b4b5b6 >

dt
∼ ε2 < b∗1b

∗
2b
∗
3b
∗
4b5b6b7b8 >

therefore

dn1

dt
∼ ε4....

and the time of equipartition scales as

teq ∼ 1/ε4



Estimation of the equipartition time scale

Thermodynamic limit: 4-wave resonant interactions

teq ∼ 1/ε2

Small N : 6-wave resonant interactions

teq ∼ 1/ε4



Numerical simulations (symplectic integrator, H. Yoshida,
1990 Phys. Lett. A )

Example of Umklapp resonance


movie.mp4
Media File (video/mp4)



Numerical simulations



Example of thermalization for α-FPUT with N=32,
ε = 7.3×10−2 (1000 realizations)



Entropy

s(t) =
∑
k

fk log fk with fk =
N − 1

Etot
ωk〈|ak|2〉, Etot =

∑
k

ωk〈|ak|2〉



Scaling in time

M.O, D. Proment, L. Vozella, Y. Lvov, P.N.A.S. 2015



Collapse of entropy curves



Example of equipartition: β-FPUT, N=32,
ε = 7.05× 10−2



Entropy: β-FPUT, ε = 7.05× 10−2, N = 32

s(t) =
∑
k

fk log fk with fk =
N − 1

H0
ωk〈|ak|2〉, H0 =

∑
k

ωk〈|ak|2〉
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Equipartition time as a function of ε
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Equipartition time as a function of ε: α− FPUT N=64
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Equipartition time as a function of ε: β − FPUT N=64

10
4

10
5

10
6

10
7

10
8

10
9

10
10

10
-3

10
-2

T
e
q

ε

β-FPUT N=64

ε
-3.72



Equipartition time as a function of ε: β − FPUT N=1024
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Equipartition time as a function of ε: α− FPUT N=1024
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DNKG equation: from discrete to the Large Box Limit
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Conclusions

The unfinished work of Fermi in Los Alamos triggered new science

Wave Turbulence theory is an extremely interesting framework for
studying interacting waves

The FPUT system, despite its apparent simplicity, still needs a lot of
work for being fully understood



Equipartition time as a function of ε: α− FPUT N=1024
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Estimation of the frequency shift and broadening

i
da1

∂t
= ω1a1 + ε

N−1∑
2,3,4

T1,2,3,4a
∗
2a3a4δ

3,4
1,2

ak =
√
Ikφk with φk = exp[−iθk]

dθ1

∂t
= ω1 + ε

∑
ki

T1,2,3,4

√
I2I3I4√
I1
<[φ∗1φ

∗
2φ3φ4]δ3,4

1,2

Using Wick decomposition we get:

ω̃k = 〈dθk
dt
〉 = ωk + 2ε

∑
l

Tk,l,k,lIl − βTk,k,k,kIk

Γk =

√〈(dθk
∂t
− ω̃k

)2 〉
=
√

5ε
∑
l

Tk,l,k,lIl



DNKG simulations: the Entropy
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Figure: The entropy curves are naturally ordered from left to right for decreasing
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DNKG simulations: frequency mismatch
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DNKG equation: from discrete to the Large Box Limit
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lines for reference.



The thermodynamic limit: α-FPU
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The thermodynamic limit: β-FPU
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The thermodynamic limit: DNKG
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Conclusions

The FPUT/DNKG systems thermalize for arbitrary small nonlinearity

The thermalization time scale is 1/ε2 in the thermodynamic limit

The thermalization time scale is 1/ε4 in the weakly nonlinear regime
for a finite number of particles



E. Fermi with E. Amaldi in Varenna, 1954
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Dependence of the thermalization time scale on the
number of particles work in progress in collaboration with M. Bustamante

Consider a general process that converts S waves into T waves with
S + T = M

k1 + . . .+ kS = kS+1 + . . .+ kS+T (mod N)

ζk1 + . . .+ ζkS = ζkS+1 + . . .+ ζkS+T

with

ζ = exp

(
i π

N

)
The unknowns are the integers k1, . . . , kM , satisfying 1 ≤ kj ≤ N − 1 for
all j = 1, . . . ,M., i.e. Diophantine equation.
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Many thanks to Massimo Cencini and Filippo De Lillo for suggestions and
fruitful discussions



The Nonlinear Schrödinger equation in the α-FPUT system

i
db1
dlt

= ω1b1 + ε2
∑

k2,k3,k4

T1,2,3,4b
∗
2b3b4δ1+2,3+4

Assuming narrow-band process, the NLS equation is obtained:

i

(
∂b

∂t
+ cg

∂b

∂x

)
= µ

∂2b

∂x2
+ ν|b|2b

with

µ = −1

2

d2ω

dκ2
> 0, ν = ε2Tκ0,κ0,κ0,κ0 < 0

The dynamics is de-focussing (also for π mode); no modulational
instability in the α-FPUT



The physical interpretation of the canonical transformation

The original field ak can be considered as a superposition of free and
bound modes:

free modes obey the linear dispersion relation and their dynamics is
ruled by variable bk

bounds modes are constructed from free modes using the canonical
transformation; for each free mode there are many bound modes that
do not interact



A numerical example with 64 masses

bk = b0(δk,1 + δk,−1)



The second-order Stokes wave solution of the α-FPUT

Consider the original variable in terms of the canonical transformation:

qj(t) = i
∑
k

[
ak√
2ωk

ei2πjk/N − c.c.
]
,

Assume that free modes are characterized by b(k, t) = |b̄|δk,k0e−i(ωk0 t−φk0 )

qj(t) = A sin(θ) + εB sin(2θ) +O(ε2)

with θ = 2πk0j/N − ω0t+ φk0 ,
A = −2|b̄|/

√
2ωk0 ,

B = 2V2k0,k0,k0

√
2ωk0 |b̄|2/(−4ω2

k0
+ ω2

2k0
)



FPUT and Hamiltonian Chaos

KAM theorem (1954)
Given

H(I, θ, ε) = H0(I) + εH1(I, θ),

under the assumption that H0 is sufficiently regular and that∣∣∣∣∂ωi∂Ij

∣∣∣∣ =

∣∣∣∣ ∂2H0

∂Ii∂Ij

∣∣∣∣ 6= 0

if ε� 1, then invariant tori (KAM tori) survive on the surface of constant energy

Chirikov Criterium (Izraielev and Chirikov, 1966): stochasticity due to
frequency overlap

R =
Ωk

ωk+1 − ωk
> 1 (1)

R is resonance overlap parameter, Ωk is the nonlinear frequency
correction (due to self interaction)
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Four-wave resonant interactions in the α-FPUT

k1 + k2 − k3 − k4
N
= 0,

ω1 + ω2 − ω3 − ω4 = 0

It is possible to show that for N = 16, 32, 64 the above system has
solutions for integer values of k:

Trivial solutions: all wave numbers are equal or

k1 = k3, k2 = k4, or k1 = k4, k2 = k3

Nontrivial solutions
{k1, k2,−k1,−k2}

with k1 + k2 = mN/2 and m = 0,±1,±2, ...



Four-wave resonant interactions in the α-FPUT

Four-waves resonant interactions are isolated

No efficient mixing (and thermalization) can be achieved via a
four-wave process



The reduced Hamiltonian is integrable

H =
∑
k1

ωk1 |bk1 |2 +
1

2

∑
k1

Tk1,k1,k1,k1 |bk1 |2|bk1 |2+

+
∑
k1 6=k2

Tk1,k2,k1,k2 |bk1 |2|bk2 |2+

+
∑
k1

Tk1,N/2−k1,−k1,−N/2+k1b
∗
k1b
∗
N/2−k1b−k1b−N/2+k1

This result was first obtained Henrici and Kappeler in Commun. Math.
Phys. (2008) following some ideas developed by B. Rink in Commun.
Math. Phys. (2006)
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E. Fermi with E. Amaldi in Varenna, 1954



Prospectives

Increasing the level of nonlinearity may lead to a different dynamics
because of the presence of quasi-resonances

Nonlinear frequency renormalization, quasi-resonances and its relation
to the stochastic threshold is the subject of current investigation

Numerical simulations are being performed in order to check the time
scales

Thermodynamic limit

Check scaling with ε and N



Fundamental difference between FPUT and Toda Lattice

The reduced Hamiltonian

H̃ =
∑
k1

ω1|b1|2 +
1

2
ε2

∑
k1,k2,k3,k4

T1,2,3,4b
∗
1b
∗
2b3b4δ1+2,3+4 +O(ε3)

The equation of motion

i
db1
dt

= ω1b1 + ε2
∑

k2,k3,k4

T1,2,3,4b
∗
2b3b4δ1+2,3+4 +O(ε3)

For the Toda Lattice it is possible to show that the T1,2,3,4 is identically
zero on the resonant manifold. Same result holds for any wave-wave
interaction up to infinity!!



The α-FPUT and Toda Lattice

H(p, q) =
1

2

N∑
i=1

p2
i +

N∑
i=1

V (qi+1 − qi),

α-FPUT model:

V (r) =
r2

2
+ α

r3

3
Toda Lattice:

V (r) = V0(eλr − 1− λr), V0, λ free parameters

For the particular choice

V0 =
1

4α2
, λ = 2α

the Toda potential is tangent to the FPUT one

V (r) =
1

2
r2 + α

1

3
r3 +

1

6
α2r4 + ... (2)



The wave-wave interaction approach
Work in collaboration with L. Vozella, D. Proment and Y. L’vov

The large time behavior of the chain is ruled by exact resonant interactions

k1 ± k2 ± ....± km = 0

ω(k1)± ω(k2)± ...± ω(km) = 0



Collapse of entropy curves



FPUT recurrence in deep water (Kimmoun et al, Sci.
Reports 2016)

In the limit of narrow band process, the β-FPUT system reduces to the
Nonlinear Schrödinger equation:

i
∂ψ

∂t
+
∂2ψ

∂x2
+ |ψ|2ψ = 0



Recent numerical work on α-FPUT

For small initial energy density two well separated time-scales are present:

metastable

statistical equilibrium
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